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THE BERGMAN KERNEL ON SOME HARTOGS DOMAINS
ZHENGHUI HUO
Abstract. We obtain new explicit formulas for the Bergman kernel function
on two families of Hartogs domains. To do so, we first compute the Bergman
kernels on the slices of these Hartogs domains with some coordinates fixed,
evaluate these kernel functions at certain points off the diagonal, and then
apply a first order differential operator to them. We find, for example, explicit
formulas for the kernel function on
{(z1, z2, w) ∈ C
3 : e|w|
2
|z1|
2 + |z2|
2
< 1}
and on
{(z1, z2, w) ∈ C
3 : |z1|
2 + |z2|
2 + |w|2 < 1 + |z2w|
2 and |w| < 1}.
We use our formulas to determine the boundary behavior of the kernel function
of these domains on the diagonal.
AMS Classification Number: 32A05, 32A07, 32A25, 32A36, 32A40.
Key Words: Bergman kernel, Reinhardt domain, Hartogs domain, boundary
behavior.
1. Introduction
The Bergman kernel, introduced by Stefan Bergman [2], is a useful tool in the
study of several complex variables. A formula for the Bergman kernel in terms of
elementary functions is known in only a few cases. If {φj} is a complete orthonormal
system of A2(Ω), then the kernel function on Ω satisfies
KΩ(z; ζ¯) =
∑
j
φj(z)φj(ζ).
Suppose Ω ⊆ Cn, not necessarily bounded, is a Reinhardt domain containing the
origin. For α = (α1, . . . , αn) ∈ Nn and z ∈ Cn, let zα be the standard multi-index
notation. Set I = {α : zα ∈ L2(Ω)}. Then {zα}α∈I is a complete orthogonal
system of A2(Ω) and the Bergman kernel KΩ satisfies:
KΩ(z; ζ¯) =
∑
α∈I
(zζ¯)α
‖zα‖2L2(Ω)
. (1)
In some cases, (1) can be expressed in terms of elementary functions. D’Angelo
[5, 6] gave the explicit formula of the Bergman kernel function on the domain
Ω = {(z, w) ∈ Cn+m : ‖z‖2 + ‖w‖2p < 1} for any positive real p. Fransics and
Hanges [9, 10] expressed the Bergman kernel on complex ovals in terms of general-
ized hypergeometric functions. Here a complex oval is a domain given by
{z ∈ Cn :
n∑
j=1
|zj|
2aj < 1}
1
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where aj ’s are positive integers. Park [15], by applying the method of [10], computed
the Bergman kernel on {(z, w) ∈ C2 : |z|4 + |w|4 < 1} explicitly and proved that
the Bergman kernel on
{(z, w) ∈ C2 : |z|2p1 + |w|2p2 < 1}
for positive integers pi’s has an explicit formulas in terms of elementary functions
in only two cases:
• pi = 1 for i = 1 or 2.
• p1 = p2 = 2.
In [16], Park obtained an explicit formula for the Bergman kernel on the domain
{(z1, z2, z3) ∈ C3 : |z1|4 + |z2|4 + |z3|4 < 1}.
Boas, Fu, and Straube [3] introduced a different method. They considered the
domain Ω = {(z, w) ∈ C×Cn : |z| < p(w)} where p(w) is a bounded, positive, con-
tinuous function on the interior of some bounded domain in Cn. By differentiating
the Bergman kernel on Ω, they obtained the kernel function on
{(z, w) ∈ Cm × Cn : ‖z‖ < p(w)}. (2)
Additional results have been obtained in [1] on the domains
{(z1, z2, z3) ∈ C
3 : (|z1|
2p + |z2|
4)1/λ + |z3|
2/q < 1},
and in [17] on the Fock-Bargmann-Hartogs domain
{(z, w) ∈ Cn+m : ‖z‖ < e−a‖w‖
2
}.
The method used in our paper is new. Using it, we rediscover some of the
formulas mentioned above, and we also obtain some new explicit formulas. See
Examples 4.2 and 4.3. The operator we use differs from that in [3]. If we start with
the domain {(z, w) ∈ C × Cn : |z| < p(w)} from [3], the kernel function obtained
through our method is on the domain
{(z1, w, z2) ∈ C× C
n × C : |z1| < p(w)(1 − |z2|
2)α and |z2| < 1}
with α > 0. By contrast, the result in [3] applies when Ω is defined as in (2).
We illustrate our idea using the following special case of Example 4.1:
Example. Let Ω = {(z, w) ∈ C2 : |z|2a + |w|2 < 1}. Regarding w for |w| < 1 as a
parameter, we obtain a family of domains {Ωw} in C with
Ωw =
{
z ∈ C :
|z|2
(1− |w|2)
1
a
< 1
}
.
For each η ∈ C with |η| < 1, Ωη is biholomorphic to the unit disk. Applying the
biholomorphic transformation rule to the Bergman kernel KΩη on Ωη yields:
KΩη (z; ζ¯) =
(1− |η|2)
1
a
pi
(
(1− |η|2)
1
a − zζ¯
)2 . (3)
Replacing z in (3) by z( (1−|η|
2)
(1−wη¯) )
1
a and multiplying the right hand side of (3) by
(1− |η|2)
1
a yield a Hermitian symmetric function K1 on Ω× Ω:
K1(z, w; ζ¯ , η¯) =
(1− wη¯)
2
a
pi
(
(1− wη¯)
1
a − zζ¯
)2 . (4)
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Let I denote the identity operator. Applying the first order differential operator
DΩ =
1
pi(1 − wη¯)2+
1
a
(
(1 +
1
a
)I +
1
a
z
∂
∂z
)
,
to K1, we obtain
(1 + a)(1 − wη¯)
1
a + (1− a)zζ¯
pi2a(1 − wη¯)2−
1
a
(
(1− wη¯)
1
a − zζ¯
)3 .
We then can verify that this function is the Bergman kernel on Ω (It agrees with
the results in [5]).
We generalize this technique as follows. We consider certain Hartogs domains
Uw in Cn, depending on a parameter w in C, with the kernel function known on
the domain Ω = U0. We call Ω the “base” domain. By regarding the parameter w
of Uw as a new complex variable, we construct a domain U in Cn × C. We call U
the “target” domain. As in the example, we obtain the Bergman kernel on U by
the following procedure:
(1) compute the Bergman kernel KUw .
(2) evaluate KUw off the diagonal.
(3) obtain a Hermitian symmetric function K on U by multiplying the result
in Step (2) by a certain function.
(4) apply a first order differential operator DU to K.
(5) verify that the result in Step (4) is the Bergman kernel on U .
Our technique works for two kinds of U with certain nice properties. We introduce
the term “n-star-shaped” for these properties in Section 2, define these two kinds
of U at the beginning of Section 3, and then demonstrate our formulas for KU .
In Sections 5 and 6, we investigate the boundary behavior of the kernel functions
on the diagonal in some suitable approach regions using the formulas we have
obtained. Section 5 uses our explicit formulas in Examples 4.2 and 4.3. Theorems
3 and 4 in Section 6 provide more general results for the case when the slices of the
domain are strongly pseudoconvex. In Example 7.1, we apply Theorems 1 and 2
repeatedly, obtaining explicit formulas for the kernel function on rather elaborate
domains. We also offer higher dimensional refinements of Theorems 1 and 2.
Acknowledgements. These results are part of the author’s PhD thesis at the
University of Illinois at Urbana-Champaign. The author acknowledges his thesis
advisor Professor John D’Angelo for his patience, encouragement, and valuable
advice. The author acknowledges Professor Jeff McNeal for discussions about the
boundary behavior of the Bergman kernel. The author also thanks Luke Edholm for
helpful conversations. The author thanks the two referees who provided construc-
tive criticisms. This paper is supported by NSF grant DMS 13-61001 of D’Angelo.
2. Preliminaries
Let Ω be a domain in complex Euclidean space Cn. The space A2(Ω), consisting
of square integrable holomorphic functions on Ω, is closed in L2(Ω) and hence a
Hilbert space. We denote by P the orthogonal projection from L2(Ω) to A2(Ω).
Let a = (a1, . . . , an) and z
a be the standard multi-index notation.
We recall the definition of the Bergman kernel. See [11] for more details. Let
z ∈ Ω. For all f ∈ A2(Ω), the map δz from A2(Ω) to C defined by
δz(f) = f(z) (5)
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is a bounded linear functional. By Riesz’s representation theorem, there exists a
unique Kz ∈ A2(Ω) such that
δz(f) = f(z) =
∫
Ω
Kz(ζ)f(ζ)dV (ζ). (6)
The Bergman kernel function KΩ is defined by KΩ(z, ζ¯) = Kz(ζ). Then
Pf(z) =
∫
Ω
KΩ(z, ζ¯)f(ζ)dV (ζ), ∀f ∈ L
2(Ω).
These considerations lead to the following lemma (See, e.g., Prop. 1.4.6 in [11]):
Lemma 2.1. A function K : Ω × Ω → C is the Bergman kernel function on Ω if
and only if:
(1) For each ζ ∈ Ω, the map z 7→ K(z, ζ¯) is in A2(Ω).
(2) K(z, w¯) = K(w, z¯). (Hermitian symmetry)
(3)
∫
Ω
K(z, w¯)f(w)dV (w) = f(z) for all f ∈ A2(Ω). (Reproducing property)
We will also need the transformation rule for the Bergman kernel under bi-
holomorphic maps. Let F : Ω1 → Ω2 be biholomorphic. Lemma 2.1 implies the
transformation formula:
KΩ1(z, w¯) = JF (z)JF (w)KΩ2(F (z), F (w)), (7)
where JF is the holomorphic Jacobian determinant of F .
If {φj} is a complete orthonormal system in A2(Ω), then
K(z, w¯) =
∞∑
j=1
φj(z)φj(w) (8)
with normal convergence in Ω× Ω.
Let z1, . . . , zn and ζ1, . . . , ζm denote the first n and last m coordinates in C
n+m.
Let Ω ⊆ Cn+m be the “base” domain. Our method of obtaining Bergman kernels
requires the space A2(Ω) to have a complete orthogonal system of form {zaφa(z
′)}.
This consideration leads us to a class of domains with a symmetry property in
the z coordinates. We call these domains n-star-shaped Hartogs domains. Before
defining them, we recall the definition of Hartogs domain.
Definition 2.1. An open connected set Ω ⊆ Cn is called a Hartogs domain with
symmetric plane {zj = aj} if (z1, · · · , zn) ∈ Ω implies
(z1, . . . , zj−1, aj + e
iθ(zj − aj), zj+1, . . . , zn) ∈ Ω
for all θ ∈ R. Such a Hartogs domain Ω is called complete if
(z1, . . . , zj−1, aj + λ(zj − aj), zj+1, . . . , zn) ∈ Ω
for all λ ∈ C with |λ| ≤ 1.
If Ω is a complete Hartogs domain with symmetric plane {zj = 0}, then the slices
of Ω with all coordinates except zj fixed are disks in C. The n-star-shaped Hartogs
domain is the higher dimensional analogue of such a complete Hartogs domain:
Definition 2.2. A domain Ω ⊆ Cn+m is called n-star-shaped Hartogs in (z1, . . . , zn)
if (z1, . . . , zn, ζ) ∈ Ω implies {(λ1z1, . . . , λnzn, ζ) : |λj | ≤ 1 for 1 ≤ j ≤ n} ⊆ Ω.
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Let Ω ⊆ Cn+m be an n-star-shaped Hartogs domain in the first n coordinates.
The slices of Ω with the last m variables fixed are polydisks in Cn. A holomorphic
function f on such a Ω has the expansion:
f(z, ζ) =
∑
a
φa(ζ)z
a.
Here φa(ζ) is holomorphic in ζ and the series converges normally in Ω.
Let pi : (z, ζ) 7→ ζ denote the projection from Cn × Cm to Cm. For ζ ∈ pi(Ω),
we set Ωζ = {z ∈ Cn : (z, ζ) ∈ Ω}. The following lemma is a version of Ligocka’s
result in [12]. The idea has also appeared in [3, 8]. In our version, no boundedness
condition is assumed for Ω. For convenience, we provide a complete proof below.
Lemma 2.2. Let Ω ⊆ Cn+m be n-star-shaped Hartogs in (z1, . . . , zn). Then
(1) For any f ∈ A2(Ω),
f(z, ζ) =
∑
a
φa(ζ)z
a,
where for each multi-index a, φa is a square-integrable holomorphic function
with respect to the measure
‖za‖2ΩζdV (ζ).
(2) If {φa,b} is a complete orthogonal system for A2(pi(Ω), ‖za‖2Ωζ ), then {φa,bz
a}
forms a complete orthogonal system for A2(Ω).
Proof. Let {Ωk} denote a sequence of compact n-star-shaped Hartogs domains such
that for all k, the set Ωk ⊂⊂ Ωk+1 and
⋃∞
Ωk = Ω. Since f(z, ζ) =
∑
a φa(ζ)z
a
converges normally on Ω, the series
∑
a φa(ζ)z
a is uniformly convergent on Ωk.
Using polar coordinates, we see that φa(ζ)z
a ⊥ φb(ζ)zb in A2(Ωk) if a 6= b.
Thus, for all k and φa(ζ)z
a ∈ A2(Ωk).
‖f(z, ζ)‖2A2(Ω) ≥
∑
a
‖φa(ζ)z
a‖2A2(Ωk).
Therefore φa(ζ)z
a is also square integrable on Ω. Since
‖φa(ζ)z
a‖2A2(Ω) =
∫
pi(Ω)
|φa(ζ)|
2
∫
Ωζ
|za|2dV (z) dV (ζ)
=
∫
pi(Ω)
|φa(ζ)|
2‖za‖2ΩζdV (ζ), (9)
we have φa ∈ A2(pi(Ω), ‖za‖2Ωζ ). Note that A
2(pi(Ω), ‖za‖2Ωζ ) inherits its com-
pleteness from A2(Ω): Consider an arbitrary compact set K ⊆ pi(Ω). Since Ω is
n-star-shaped Hartogs, the compact set {0} ×K is in Ω. Thus there exists a con-
stant rK > 0 such that for any point (0, ζ) ∈ {0}×K, the (n+m)-ball B((0, ζ); rK)
is contained in Ω. Let r = rK/3. Let B
n
r denote the n-ball centered at the point
zr = (
r
n , . . . ,
r
n ) with radius
r
2n . For ζ ∈ K, let B
m
ζ denote the m-ball centered at
the ζ with radius r. Then we have Bnr × B
m
ζ ⊆ B((0, ζ); rK ) ⊆ Ω. Let g(ζ) be an
element of A2(pi(Ω), ‖za‖2Ωζ ). By the mean value property and Ho¨lder inequality,
|g(ζ)| =
∣∣∣zar g(ζ)
zar
∣∣∣ ≤
∫
Bnr ×B
m
ζ
|zag(w)|dV (z, w)
V ol(Bnr ×B
m
ζ )|z
a
r |
≤ CK‖g(ζ)‖A2(pi(Ω),‖za‖2
Ωζ
).
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Taking the supremum of |g(ζ)| on K, we have
sup
ζ∈K
|g(ζ)| ≤ CK‖g(ζ)‖A2(pi(Ω),‖za‖2
Ωζ
).
L2 convergence in A2(pi(Ω), ‖za‖2Ωζ ) implies normal convergence in A(pi(Ω)), and
hence A2(pi(Ω), ‖za‖2Ωζ ) is closed.
Let {φa,b} be a complete orthogonal system of A2(pi(Ω), ‖za‖2Ωζ ). We finish the
proof by showing that {zaφa,b(ζ)} forms a complete orthogonal system of A
2(Ω).
For any f ∈ A2(Ω),
f(z, ζ) =
∑
a,b
ca,bz
aφa,b(ζ).
To show the completeness, we assume f ∈ A2(Ω) and
∫
Ω f(z, ζ)z¯
aφa,b(ζ)dV = 0
for all a,b. We verify that f = 0.
Let {Ωk} be the domains used above. For arbitrary a and b,
∫
Ωk
f(z, ζ)z¯aφa,b(ζ)dV +
∫
Ω−Ωk
f(z, ζ)z¯aφa,b(ζ)dV = 0.
Taking the absolute value for both terms, we have
∣∣∣
∫
Ωk
f(z, ζ)z¯aφa,b(ζ)dV
∣∣∣ = ∣∣∣
∫
Ω−Ωk
f(z, ζ)z¯aφa,b(ζ)dV
∣∣∣.
By Ho¨lder’s inequality
∣∣∣
∫
Ω−Ωk
f(z, ζ)z¯aφa,b(ζ)dV
∣∣∣ ≤ ‖zαφa,b(ζ)‖A2(Ω)
(∫
Ω−Ωk
|f |2dV
) 1
2
Since f ∈ A2(Ω) and Ωk exhausts Ω,
lim
k→∞
∫
Ω−Ωk
|f |2dV = 0.
Therefore
lim
k→∞
∣∣∣
∫
Ωk
f(z, ζ)z¯aφa,b(ζ)dV
∣∣∣ = 0.
Using Ho¨lder’s inequality again gives f(z, ζ)z¯aφa,b(ζ) ∈ L
1(Ω). The compactness
of Ωk and polar coordinates give
∣∣∣
∫
Ωk
f(z, ζ)z¯aφa,b(ζ)dV
∣∣∣
=
∣∣∣
∫
Ωk
∑
i,j
ci,jz
iφi,j(ζ)z¯
aφa,b(ζ)dV
∣∣∣
=
∣∣∣
∫
Ωk
∑
j
ca,j|z
a|2φa,j(ζ)φa,b(ζ)dV
∣∣∣.
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By the Dominated Convergence Theorem,
lim
k→∞
∣∣∣
∫
Ωk
∑
j
ca,j|z
a|2φa,j(ζ)φa,b(ζ)dV
∣∣∣
=
∣∣∣
∫
Ω
lim
k→∞
χΩk(z, ζ)
∑
j
ca,j|z
a|2φa,j(ζ)φa,b(ζ)dV
∣∣∣
=
∣∣∣
∫
Ω
∑
j
ca,j|z
a|2φa,j(ζ)φa,b(ζ)dV
∣∣∣
=
∣∣∣
∫
Ω
ca,b|z
a|2φa,b(ζ)φa,b(ζ)dV
∣∣∣
=ca,b‖z
aφa,b(ζ)‖
2
A2(Ω).
Therefore ca,b = 0 for all a, b and f ≡ 0. 
Remark. Since Ω is not necessarily bounded in Lemma 2.2, it is possible that the
weighted space A2(pi(Ω), ‖za‖2Ωζ ) is trivial and φa,b = 0. Nevertheless, the second
statement of Lemma 2.2 remains true.
Corollary 2.1. Let φa,b(ζ) be a complete orthogonal system for A
2(D, ‖za‖2Ωζ ).
Then
KΩ(z, z
′; ζ¯, ζ¯′) =
∑
a,b
(zζ¯)aφa,b(z
′)φa,b(ζ′)
‖zaφa,b(z′)‖2L2(Ω)
. (10)
When m = 0, Ω becomes a Reinhardt domain containing the origin and (10)
becomes (1).
3. Main Results
Let Ω ⊆ Cn+m be an n-star-shaped Hartogs domain in the first n variables
(z1, . . . , zn). Our technique for computing the Bergman kernel function works on
the following two kinds of domains:
• Uα =
{
(z, z′, w) ∈ Cn+m × C :
(
fα(z, w), z
′
)
∈ Ω, |w| < 1
}
where
fα(z, w) =
( z1
(1− |w|2)
α1
2
, . . . ,
zn
(1− |w|2)
αn
2
)
and αj ’s are positive numbers.
• V γ =
{
(z, z′, w) ∈ Cn+m × C :
(
gγ(z, w), z
′
)
∈ Ω
}
where
gγ(z, w) =
(
e
γ1|w|
2
2 z1, . . . , e
γn|w|
2
2 zn
)
and γj ’s are positive numbers.
Remark. In our definition, we avoid the cases when all αj’s and γj’s equal 0
since they are not interesting. When α = 0, U0 becomes Ω × B1 and KU0 equals
the product of the Bergman kernels on Ω and the unit disk B1. When γ = 0,
V 0 = Ω × C. Since A2(V 0) = {0}, the kernel function KV 0 is identically zero.
These results are consistent with Theorems 1 and 2.
Since e|w|
2
and (1 − |w|2)−1 are increasing in |w| and invariant under the rotation
map w 7→ eiθw for θ ∈ R, the slice domains of Uα and V γ with z and z′ coordinates
fixed are disks in C. This observation yields the following:
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Lemma 3.1. If Ω is n-star-shaped Hartogs in the variables (z1, . . . , zn), then U
α
and V γ are (n+ 1)-star-shaped Hartogs in the variables (z1, . . . , zn, w).
By Lemma 2.2, a complete orthogonal system of the form {zaφa,b,c(z′)wc} can
be chosen for A2(Uα) and A2(V γ). The next lemma implies that {zaφa,b(z
′)wc}
is a complete orthogonal system for both A2(Uα) and A2(V γ) if {zaφa,b(z′)} is a
complete orthogonal system for A2(Ω).
Lemma 3.2. The function zaφ(z′) is square-integrable on Ω if and only if for all
c ∈ N, the function zaφ(z′)wc is square-integrable on Uα
(
or V γ
)
.
Proof. Suppose zaφ(z′)wc ∈ A2(Uα). Then∫
Uα
|za|2|φ(z′)|2|w|2cdV (z, z′, w) = ‖zaφ(z′)wc‖2L2(Uα) <∞. (11)
Substituting tj = zj(1− |w|2)−
αj
2 for 1 ≤ j ≤ n and applying Fubini’s theorem to
the integral in (11) yield:∫
Uα
|za|2|φ(z′)|2|w|2cdV (z, z′, w)
=
∫
B1
|w|2c(1− |w|2)α·(a+1)dV (w)
∫
Ω
|ta|2|φ(z′)|2dV (t, z′)
=
∫
B1
|w|2c(1− |w|2)α·(a+1)dV (w)
∥∥zaφ(z′)∥∥2
L2(Ω)
<∞. (12)
Since
∫
B1
|w|2c(1−|w|2)α·(a+1)dV (w) is a constant, ‖zaφ(z′)‖2L2(Ω) <∞ and z
aφ(z′)
is in A2(Ω). By (12), the converse is also true. A similar argument proves the
statement for V γ . We omit the details. 
The definitions of Uα and V γ also imply that the slices of Uα and V γ , with the
w coordinate fixed, are biholomorphic to Ω. For fixed w ∈ B1 and η ∈ C, let Uαw
denote the slice domain {(z, z′) ∈ Cn+m : (z, z′, w) ∈ Uα} of Uα and let V γη denote
the slice domain {(z, z′) ∈ Cn+m : (z, z′, η) ∈ V γ} of V γ . Applying the mappings
fα(·, w) and gγ(·, η) to Uαw and V
γ
η yields:
Lemma 3.3. Uαw and V
γ
η are biholomorphic to Ω.
Computing the Levi form of Uα and V γ yields the following:
Remark. For a smooth and pseudoconvex Ω, both Uα and V γ are pseudoconvex.
As we will see in Sections 5 and 6, Uα and V γ may not be strongly pseudoconvex
even if Ω is strongly pseudoconvex.
We denote by KUα and KV γ the Bergman kernel functions on U
α and V γ . We
denote by KUαw and KV γw the Bergman kernel functions on U
α
w and V
γ
w . We obtain
KUα and KV γ from KUαw and KV γw by the following procedure as mentioned in the
introduction:
Step 1. First we evaluate KUαw and KV γw at appropriate points (off the diagonal).
Step 2. With further modification, we obtain Hermitian symmetric functions on
Uα and V γ .
Step 3. By applying a first order differential operator to the result in Step 2, we
obtain the Bergman kernel functions on the target domains.
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The modifying functions h and l for KUαη and KV γη in Step 1 are defined as follows:
h(z, w, η) =
(
z1(
1− |η|2
1− wη¯
)α1 , . . . , zn(
1− |η|2
1− wη¯
)αn
)
, (i)
l(z, w, η) =
(
z1e
γ1(wη¯−|η|
2), . . . , zne
γn(wη¯−|η|
2)
)
. (ii)
The modification in Step 2 only involves multiplication. For simplicity, we let
operators DUα and DV γ denote the composition of the multiplication operator in
Step 2 and the differential operator in Step 3 for Uα and V γ . DUα and DV γ are
defined by
DUα =
(1− |η|2)α·1
pi(1− wη¯)2+α·1
(
I +
n∑
j=1
αj(I + zj
∂
∂zj
)
)
, (∗)
DV γ =
e(γ·1)(wη¯−|η|
2)
pi
( n∑
j=1
γj(I + zj
∂
∂zj
)
)
. (∗∗)
Here are the main results:
Theorem 1. Let Uα and Uαη be defined as above. For (z, z
′, w; ζ, ζ′, η) ∈ Uα×Uα,
let h(z, w, η) and DUα be as in (i) and (∗). Then
KUα(z, z
′, w; ζ¯ , ζ¯′, η¯) = DUαKUαη
(
h(z, w, η), z′; ζ¯, ζ¯′
)
. (13)
Theorem 2. Let V γ and V γη be defined as above. For (z, z
′, w; ζ, ζ′, η) ∈ V γ ×V γ ,
let l(z, w, η) and DV γ be as in (ii) and (∗∗). Then
KV γ (z, z
′, w; ζ¯ , ζ¯′, η¯) = DV γKV γη
(
l(z, w, η), z′; ζ¯ , ζ¯′
)
. (14)
Theorems 1 and 2 are proved in a similar way. We illustrate using Theorem 1.
We first show that the function on the right hand side of (13) is defined on Uα×Uα.
Then we prove, for the complete orthogonal system {zaφa,b(z
′)} of A2(Ω), that the
function has the following expansion:∑
a,b,c
ca,b,c(zζ¯)
aφa,b(z
′)φa,b(ζ′)(wη¯)
c. (15)
By showing that (15) reproduces every element in A2(Uα), we conclude that the
equality in (13) holds and our proof is complete. In the proof, we let Γ denote the
gamma function and let (a)b denote the Pochhammer symbol
Γ(a+b)
Γ(a) .
Proof of Theorem 1. Let K1(z, z
′, w; ζ¯ , ζ¯′, η¯) denote
DUαKUαη
(
h(z, w, η), z′; ζ¯ , ζ¯′
)
. (16)
We first show K1 is defined on U
α×Uα, i.e. (ζ, ζ′) ∈ Uαη and (h(z, w, η), z
′) ∈ Uαη .
The definition of Uαη implies that (ζ, ζ
′) ∈ Uαη . To prove (h(z, w, η), z
′) ∈ Uαη , it
suffices to show (fα(h(z, w, η), η), z
′) ∈ Ω. Note that
(
fα
(
h(z, w, η), η
)
, z′
)
=
((1 − |η|2)α12
(1− wη¯)α1
z1, . . . ,
(1− |η|2)
αn
2
(1 − wη¯)αn
zn, z
′
)
,
and for each 0 ≤ j ≤ n,
∣∣∣(1 − |η|2)
αj
2
(1− wη¯)αj
zj
∣∣∣ ≤ |zj |
(1− |w|2)
αj
2
.
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By the fact that Ω is n-star-shaped Hartogs in the first n variables, the containment
(fα(z, w), z
′) ∈ Ω implies (fα(h(z, w, η), η), z′) ∈ Ω. Therefore (ζ, ζ′) ∈ Uαη and K1
is defined on Uα × Uα.
To show K1 satisfies (15), we consider the biholomorphic map fα(·, η) from Uαη
to Ω:
fα(z, η) = ((1− |η|
2)−
α1
2 z1, . . . , (1− |η|
2)−
αn
2 zn, z
′).
By (7), we have:
KUαη (z, z
′, w; ζ¯ , ζ¯′, η¯) = (1 − |η|2)−α·1KΩ
(
fα(z, η), z
′; fα(ζ, η), ζ¯′
)
. (17)
Therefore
K1(z, z
′, w; ζ¯ , ζ¯′, η¯) = D1KΩ
(
A1(z, w, η), z
′; fα(ζ, η), ζ¯′
)
, (18)
where
D1 = pi
−1(1− wη¯)−(2+α·1)
(
I +
n∑
j=1
αj
(
I + zj
∂
∂zj
))
,
A1(z, w, η) =
(
z1
(√1− |η|2
1− wη¯
)α1
, . . . , zn
(√1− |η|2
1− wη¯
)αn)
.
Applying (10) to KΩ yields
KΩ
(
A1(z, w, η), z
′; fα(ζ, η), ζ¯′
)
=
∑
a,b
(zζ¯)aφa,b(z
′)φa,b(ζ′)
(1− wη¯)a·α‖zaφa,b(z′)‖2L2(Ω)
.
Thus, K1(z, z
′, w; ζ¯ , ζ¯′, η¯) can be written as∑
a,b
ca,b,c(zζ¯)
aφa,b(z
′)φa,b(ζ′)(wη¯)
c.
We complete the proof by showing that K1 reproduces every element in A
2(Uα).
For arbitrary zaφa,b(z
′)wc ∈ A2(Uα), we consider the integral:∫
Uα
K1(z, z
′, w; ζ¯ , ζ¯′, η¯)ζaφa,b(ζ
′)ηcdV. (19)
By the definitions of K1 and U
α, (19) equals∫
B1
ηc
∫
Uαη
DUαKUαη
(
h(z, w, η), z′; ζ¯; ζ¯′
)
ζaφa,b(ζ
′)dV (ζ, ζ′)dV (η). (20)
Using the reproducing property of KUαη on U
α
η and Corollary 2.1, we have∫
Uαη
DUαKUαη (h(z, w, η), z
′; ζ¯ , ζ¯′)ζaφa,b(ζ
′)dV (ζ, ζ′)
=(1 + α · (a+ 1))
(1− |η|2)α·1
pi(1 − wη¯)2+α·1
h(z, w, η)aφa,b(z
′). (21)
Therefore (20) becomes
(
1 + α · (a+ 1)
)
φa,b(z
′)
∫
B1
(1 − |η|2)α·1ηch(z, w, η)a
pi(1− wη¯)2+α·1
dV (η). (22)
THE BERGMAN KERNEL ON SOME HARTOGS DOMAINS 11
Since h(z, w, η) = (z1(
1−|η|2
1−wη¯ )
α1 , . . . , zn(
1−|η|2
1−wη¯ )
αn), (22) equals
(
1 + α · (a+ 1)
)
zaφa,b(z
′)
∫
B1
(1− |η|2)α·(a+1)ηc
pi(1 − wη¯)2+α·(a+1)
dV (η). (23)
Expanding the denominator in (23) yields
(23) =zaφa,b(z
′)
∫
B1
∞∑
j=0
(1 + α · (a+ 1))j+1(1− |η|
2)α·(a+1)(wη¯)j
pij!
ηcdV (η)
=zaφa,b(z
′)wc
∫
B1
(1 + α · (a + 1))c+1(1− |η|2)α·(a+1)|η|2c
pic!
dV (η). (24)
By substituting r = |η|2 to the last line of (24), we obtain
zaφa,b(z
′)wc
∫ 1
0
(
1 + α · (a+ 1)
)
c+1
(1− r)α·(a+1)rc
c!
dr
=zaφa,b(z
′)wc
(
1 + α · (a+ 1)
)
c+1
c!
Γ
(
1 + α · (a+ 1)
)
Γ(c+ 1)
Γ
(
2 + α · (a+ 1) + c
)
=zaφa,b(z
′)wc.
Thus the reproducing property holds, and K1 is the Bergman kernel. 
Proof of Theorem 2. Let K2 denote the right hand side of (14). By the same argu-
ment in the proof of Theorem 1, we can prove that K2 is defined on V
γ × V γ and
can be written as: ∑
a,b
ca,b,c(zζ¯)
aφa,b(z
′)φa,b(ζ′)(wη¯)
c.
We show that K2 reproduces every element in A
2(V γ). For zaφa,b(z
′)wc ∈ A2(V γ),
we consider the integral∫
V γ
K2(z, z
′, w; ζ¯ , ζ¯′, η¯)ζaφa,b(ζ
′)ηcdV. (25)
By the definitions of K2 and V
γ , (25) equals
∫
C
ηc
∫
V γη
DV αKV γη
(
l(z, w, η), z′; ζ¯ , ζ¯′
)
ζaφa,b(ζ
′)dV (ζ, ζ′)dV (η). (26)
By the reproducing property of KV γη and Corollary 2.1, we have∫
V γη
DV αKV γη
(
l(z, w, η), z′; ζ¯, ζ¯′
)
ζaφa,b(ζ
′)dV (ζ, ζ′)
=pi−1
(
γ · (a+ 1)
)
φa,b(z
′)e(γ·(a+1))(wη¯−|η|
2)za. (27)
Substituting (27) to (26) yields
pi−1
(
γ · (a+ 1)
)
zaφa,b(z
′)
∫
C
eγ·(a+1)wη¯ηc
e(γ·(a+1))|η|2
dV (η). (28)
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Expanding eγ·(a+1)wη¯ in (28), we have
(28) =zaφa,b(z
′)
∫
C
∞∑
j=0
(
γ · (a+ 1)
)j+1
(wη¯)j
pij!
ηce−γ·(a+1)|η|
2
dV (η)
=zaφa,b(z
′)wc
∫
C
(
γ · (a+ 1)
)c+1
|η|2c
pic!
e−γ·(a+1)|η|
2
dV (η). (29)
Letting t = γ · (a+1)|η|2 and using polar coordinates, the last line of (29) becomes
zaφa,b(z
′)wc
∫ ∞
0
tc
c!
e−tdt, (30)
which equals zaφa,b(z
′)wc. Therefore K2 is the Bergman kernel on V
γ . 
When the “base” domain Ω is n-star-shaped Hartogs, we can apply Theorems
1 and 2 to obtain the kernel functions on the domains Uα and V γ . Lemma 3.1
therefore enables us to apply Theorem 1 and 2 several times to obtain the Bergman
kernel on more complicated domains. Moreover, we can obtain the Bergman kernel
when the w in Uα and V γ is a vector instead of a single variable. We’ll discuss
these refinements in Section 7.
4. Examples
Theorems 1 and 2 enable us to explicitly compute the Bergman kernel in several
new situations. First we combine Theorem 1 with the inflation method in [3] to
give a new proof of the explicit formula in [6]. Then we compute the kernel function
in two new cases.
Example 4.1. Let the “base” domain Ω be the unit ball Bn in Cn. For p > 0, put
α = ( 1p , . . . ,
1
p ). We have
Uα = {(z, w) ∈ Cn × C : ‖z‖2p + |w|2 < 1}.
By Theorem 1, the Bergman kernel function KUα is equal to:
n!
pin+1p
(n+ p)(1 − wη¯)
1
p + (1− p)〈z, ζ〉
(1− wη¯)2−
1
p ((1− wη¯)
1
p − 〈z, ζ〉)n+2
.
Let Uα′ = {(z, w) ∈ Cn × Cm : ‖z‖2p + ‖w‖2 < 1}. Applying the inflation
method to KUα yields the Bergman kernel function on U
α′:
n!
pim+np
( ∂
∂t
)m−1 (n+ p)(1− 〈w, η〉) 1p + (1− p)〈z, ζ〉
(1− 〈w, η〉)2−
1
p ((1 − 〈w, η〉)
1
p − 〈z, ζ〉)n+2
where t = 〈w, η〉.
Note that if we let the above p tend to ∞, then Uα becomes Bn × B1 and the
Bergman kernel KUα equals KBn ·KB1 .
Example 4.2. Suppose Ω = {(z, z′) ∈ Cn × Cm : ‖z‖2 + ‖z′‖2 < 1} and α =
(1, · · · , 1), then
Uα = {(z, z′, w) ∈ Cn ×Cm ×C : |w| < 1 and ‖z‖2+ ‖z′‖2 + |w|2 < 1+ |w|2‖z′‖2}
has the Bergman kernel function:
KUα =
(m+ n)!
pim+n+1
(1 − wη¯)m(n+ 1− (n+ 1)〈z′, ζ′〉+m 〈z,ζ〉1−wη¯ )
(1− wη¯ − 〈z, ζ〉 − 〈z′, ζ′〉+ wη¯〈z′, ζ′〉)m+n+2
. (31)
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When m = 0, the right hand side of (31) becomes
n+ 1
pi
n!
pin
1
(1 − wη¯ − 〈z, ζ〉)n+2
,
which is the Bergman kernel function on the unit ball Bn+1.
When n = m = 1, Uα becomes
{(z, z′, w) ∈ C3 : |w| < 1, |z|2 + |z′|2 + |w|2 < 1 + |w|2|z′|2},
which is mentioned in the abstract. Using (31), we have:
KUα =
2
pi3
(1− wη¯)(2− 2z′ζ¯′ + zζ¯1−wη¯ )
(1− wη¯ − zζ¯ − z′ζ¯′ + wη¯z′ζ¯′)4
.
Example 4.3. Let Ω = {(z, z′) ∈ Cn×Cm : ‖z‖2+‖z′‖2 < 1} and γ = (γ1, . . . , γn),
then
V γ = {(z, z′, w) ∈ Cn × Cm × C;
n∑
j=1
eγj|w|
2
|zj |
2 + ‖z′‖2 < 1}.
Put ρ(z, z′, w; ζ¯ , ζ¯′, η¯) = 1 −
∑n
j=1 e
γjwη¯zj ζ¯j − 〈z
′, ζ′〉. Then the Bergman kernel
function KV γ equals
(m+ n)!e(γ·1)wη¯
pim+n+1
( γ · 1
ρm+n+1
+
(m+ n+ 1)
∑n
j=1 γje
γjwη¯zj ζ¯j
ρm+n+2
)
. (32)
When γ = 1 and n = m = 1, V γ becomes
{(z, z′, w) ∈ C3 : e|w|
2
|z|2 + |z′|2 < 1}, (33)
which is mentioned in the abstract. Using (32), we obtain its kernel function:
KV γ =
2
pi3
ewη¯(1 − z′ζ¯′ + 2ewη¯zζ¯)
(1− ewη¯zζ¯ − z′ζ¯′)4
. (34)
In the next section, we will use (31) and (32) to obtain the boundary behavior
of the Bergman kernel on the domains in Example 4.2 and 4.3.
5. Further Analysis of Examples 4.2 and 4.3
In the following two sections, we focus on the boundary behavior of the Bergman
kernel on Uα and V γ . Our estimates for the kernel functions are on the diagonal.
In this section, we use the explicit formulas of KUα and KV γ from Example 4.2
and 4.3 and some admissible approach regions to analyze their boundary behavior.
In the next section, we discuss more general cases without using explicit formulas.
The boundary behavior of the Bergman kernel in the strongly pseudoconvex case
is well understood. C. Fefferman [7] , L. Boutet de Monvel and J. Sjo¨strand [4] gave
an asymptotic expansion of the kernel function when the domain is bounded and
strongly pseudoconvex. In the weakly pseudoconvex case, the boundary behavior
is difficult to analyze. Near a weakly pseudoconvex point of finite type, certain
estimates on the Bergman kernel were obtained by McNeal [13, 14]. Less is known
near non-smooth boundary points.
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The simplest non-smooth case is the polydisk. Let Ω be the polydisk B1 ×B1 in
C2. Since the kernel function on a product domain is equal to the product of the
kernel function on each factor, we have
KΩ(z1, z2; ζ¯1, ζ¯2) =
1
pi(1− z1ζ¯1)2
·
1
pi(1− z2ζ¯2)2
.
If we approach the boundary point p = (w1, w2) along the diagonal, then the
boundary behavior of KΩ depends on w1 and w2:
(1) If |w1| = 1 and |w2| 6= 1, then in Ω
lim
z→p
KΩ(z; z¯)(1− |z1|
2)2 =
1
pi2(1 − |w2|2)2
6= 0.
(2) If |w1| 6= 1 and |w2| = 1, then in Ω
lim
z→p
KΩ(z; z¯)(1− |z2|
2)2 =
1
pi2(1 − |w1|2)2
6= 0.
(3) If |w1| = |w2| = 1, then in Ω
lim
z→p
KΩ(z; z¯)(1 − |z1|
2)2(1 − |z2|
2)2 =
1
pi2
6= 0.
In the 3rd case, bΩ is not smooth at the boundary points and the behavior of the
Bergman kernel depends on the rate at which |z1| and |z2| tend to 1. We will see
similar phenomena when we analyze the boundary behavior of KUα .
Example 4.2 revisited. The boundary of Uα is not smooth. bUα at a point
(0, z′, w) where ‖z′‖ = |w| = 1. We let S4 denote the set of these non-smooth
points. By calculating the Levi form of Uα on the smooth boundary points, one
obtains that (z, z′, w) is strongly pseudoconvex if both ‖z′‖ and |w| are not equal
to 1. We let S1 denote the set of these strongly pseudoconvex boundary points.
We denote by S2 the set
{(0, z′, w) ∈ bUα : ‖z′‖ = 1, |w| 6= 1}
and denote by S3 the set
{(0, z′, w) ∈ bUα : ‖z′‖ 6= 1, |w| = 1}.
Then bUα = S1 ∪ S2 ∪S3 ∪ S4. The boundary behavior of the kernel function near
the strongly pseudoconvex points in S1 is known. To obtain the result near the
points in the other sets, we need an admissible approach region. For 0 < s < 1, let
Ws denote the set
{(z, z′, w) ∈ Cn × Cm × C : |w| < 1, ‖z‖2s + ‖z′‖2 + |w|2 < 1 + |w|2‖z′‖2}.
These sets exhaust Uα when s tends to 1. Moreover, S2, S3 and S4 are contained in
bWs. We will choose Ws as the admissible approach region. Let r(z, z′, w) denote
the function:
1− ‖z′‖2 −
‖z‖2
(1 − |w|2)
.
Then Uα can also be expressed as the set
{(z, z′, w) ∈ Cn × Cm × C : |w| < 1,−r(z, z′, w) < 0}.
Note that the function
‖z‖2s
(1− |w|2)
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is bounded in Ws. For p = (0, z′0, w0) ∈ S2 ∪ S3 ∪ S4, when approaching p in Ws,
‖z‖2
(1− |w|2)
→ 0. (35)
Therefore r(z, z′, w) is continuous in the closure of Ws. Combining (35) and (31),
we obtain the following results on boundary behavior:
(1) For p0 = (0, z
′
0, w0) ∈ S2, the admissible limit
lim
Ws∋p→p0
KUα(p; p¯)r
n+m+1(p) =
(m+ n)!(n+ 1)
pim+n+1(1− |w0|2)n+2
6= 0.
(2) For p0 = (0, z
′
0, w0) ∈ S3, the admissible limit
lim
Ws∋p→p0
KUα(p; p¯)(1 − |w|
2)n+2 =
(m+ n)!(n+ 1)
pim+n+1rn+m+1(p0)
6= 0.
(3) For p0 = (0, z
′
0, w0) ∈ S4, the admissible limit
lim
Ws∋p→p0
KUα(p; p¯)r
n+m+1(p)(1 − |w|2)n+2 =
(m+ n)!(n+ 1)
pim+n+1
6= 0.
Example 4.3 revisited. Calculating the Levi form shows that V γ is a pseudocon-
vex domain. For any w0 ∈ C and z′0 ∈ C
m on the unit sphere, (0, z′0, w0) is a weakly
pseudoconvex point on bV γ . With (32), we can obtain the boundary behavior of
the Bergman kernel function in an admissible approach region of (0, z′0, w0).
Let 0 < sj < 1 for 1 ≤ j ≤ n. Let Ws denote the domain
{(z, z′, w) ∈ Cn × Cm × C :
n∑
j=1
eγj|w|
2
|zj|
2sj + ‖z′‖2 < 1}. (36)
For each s, Ws is contained in V
γ and it exhausts V γ as each sj approaches 1.
Moreover, bWs intersects bV
γ at those weakly pseudoconvex points on bV γ . Let ρ
denote the defining function of V γ :
ρ(z, z′, w) = 1− e|w|
2
‖z‖2 − ‖z′‖2.
When approaching p0 = (0, z
′
0, w0) in the approach region Ws, the admissible limit
lim
Ws∋p→p0
∑n
j=1 e
γj |w|
2
|zj|2sj
1− ‖z′‖2
= 0. (37)
Therefore,
lim
Ws∋p→p0
∑n
j=1 e
γj |w|
2
|zj|2sj
ρ
= 0. (38)
Applying (38) to (32), we have in Ws:
lim
Ws∋p→p0
KV γ (p; p¯)ρ
m+n+1(p) =
(m+ n)!en|w0|
2∑n
j=1 γj
pim+n+1
6= 0.
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6. General Results for Boundary Behavior
In section 5, we use the explicit formula of the Bergman kernel to study its
boundary behavior at weakly pseudoconvex boundary points. In general, we do
not require an explicit formula for the kernel function on the “base” domain. If
enough information on the boundary behavior of the kernel function of the “base”
domain is known, we can obtain the boundary behavior of the Bergman kernel on
the “target” domain. Here we’ll discuss the boundary behavior for Uα and V γ
when the “base” domain Ω is smooth and strongly pseudoconvex. We hope in the
future to extend the estimates in [13, 14] to this setting.
From now on, we let our “base” domain Ω ⊆ Cn+m be smooth, bounded, and
n-star-shaped Hartogs with defining function
r(|z1|
2, . . . , |zn|
2; z′, z¯′) ∈ C∞(Ω¯).
Let rj denote the partial derivative of r in the j’s component. We assume r is
non-decreasing in the first n components, i.e. rj ≥ 0 for 1 ≤ j ≤ n. Recall that Uα
denotes the set{
(z, z′, w) ∈ Cn+m+1 : |w| < 1, r
( |z1|2
(1 − |w|2)α1
, . . . ,
|zn|2
(1− |w|2)αn
; z′, z¯′
)
< 0
}
;
and V γ denotes the set{
(z, z′, w) ∈ Cn+m+1 : r
(
eγ1|w|
2
|z1|
2, . . . , eγn|w|
2
|zn|
2; z′, z¯′
)
< 0
}
.
To simplify the notation, we let KΩ(z, z
′) = KΩ(z, z
′; z¯, z¯′) and let
rUα(z, z
′, w) = r
( |z1|2
(1− |w|2)α1
, . . . ,
|zn|2
(1− |w|2)αn
; z′, z¯′
)
,
rV γ (z, z
′, w) = r
(
eγ1|w|
2
|z1|
2, . . . , eγn|w|
2
|zn|
2; z′, z¯′
)
.
We let ∇z denote the partial gradient (
∂
∂z1
, . . . , ∂∂zn ).
We start with Uα. The boundary behavior of the Bergman kernel on Uα is more
complicated than on V α for two reasons:
(1) The possible non-smooth boundary points created by the two inequalities
of Uα.
(2) The singularity of rUα at points where |w| = 1.
The precise behavior at a boundary point depends on the geometry of bUα there.
We therefore stratify the boundary of Uα into four parts:
S1 = {(z, z
′, w) ∈ bUα : ∇z(rUα ) 6= 0 and |w| 6= 1},
S2 = {(z, z
′, w) ∈ bUα : ∇z(rUα ) = 0 and |w| 6= 1},
S3 = {(z, z
′, w) ∈ bUα : z = 0, |w| = 1 and (0, z′) /∈ bΩ},
S4 = {(z, z
′, w) ∈ bUα : z = 0, |w| = 1 and (0, z′) ∈ bΩ}.
By the boundedness of Ω, we have
{(z, z′, w) ∈ bUα : z 6= 0, |w| = 1} = ∅.
Therefore bUα = S1 ∪ S2 ∪ S3 ∪ S4. The points on S1 are strongly pseudoconvex
and the boundary behaviors of the Bergman kernel near the boundary points of S2,
S3 and S4 can be obtained by a suitable choice of approach regions.
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Let x = (|z1|2, . . . , |zn|2). Since Ω is n-star-shaped Hartogs, we can let LΩ denote
the function such that
LΩ(x; z
′, z¯′) = KΩ(z, z
′).
We recall the result of C. Fefferman [7] for bounded strongly pseudoconvex domain
Ω. There exist Ψ,Φ ∈ C∞(Ω¯), such that
LΩ(x; z
′, z¯′) =
Ψ(x; z′, z¯′)
(−r)n+m+1(x; z′, z¯′)
+ Φ(x; z′, z¯′) log(−r(x; z′, z¯′)). (39)
Applying (39) and Theorem 1, we obtain the following result on the “target” domain
Uα.
Theorem 3. Let Ω and Uα be as above. Suppose Ω is strongly pseudoconvex. Then
Uα is pseudoconvex. The point p ∈ bUα is a strongly pseudoconvex point if p ∈ S1.
Near the points of S2, S3 and S4, the kernel function behaves in three different
ways:
(1) For (z0, z
′
0, w0) ∈ S2, there exists an admissible approach region W2 of
(z0, z
′
0, w0) such that when approaching (z0, z
′
0, w0) in W2,
KUα(z, z
′, w)(−rUα)
m+n+1(z, z′, w) (40)
has a nonzero limit.
(2) For (z0, z
′
0, w0) ∈ S3, there exists an admissible approach region W3 of
(z0, z
′
0, w0) such that when approaching (z0, z
′
0, w0) in W3,
KUα(z, z
′, w)(1 − |w|2)2+α·1 (41)
has a nonzero limit.
(3) For (z0, z
′
0, w0) ∈ S4, there exists an admissible approach region W4 of
(z0, z
′
0, w0) such that when approaching (z0, z
′
0, w0) in W4,
KUα(z, z
′, w)(1 − |w|2)2+α·1(−rUα)
m+n+1(z, z′, w) (42)
has a nonzero limit.
Proof. Let X = (X1, . . . , Xn) denote the vector( |z1|2
(1− |w|2)α1
, . . . ,
|zn|2
(1− |w|2)αn
)
.
Since the range of X on Uα is the same as the range of x on Ω, we can replace x
in (39) by X and have
LΩ(X ; z
′, z¯′) =
Ψ(X ; z′, z¯′)
(−r)n+m+1(X ; z′, z¯′)
+ Φ(X ; z′, z¯′) log(−r(X ; z′, z¯′)) (43)
with Ψ(X ; z′, z¯′),Φ(X ; z′, z¯′) ∈ C∞(Uα). Using change of variables formula yields
LΩ(X ; z
′, z¯′) = (1− |w|2)α·1KUαw (z, z
′).
Then Theorem 1 implies that
KUα(z, z
′, w) = (cαI +D)
LΩ(X ; z
′, z¯′)
pi(1 − |w|2)2+α·1
, (44)
where cα = (1 +
∑n
j=1 αj) and D =
∑n
j=1 αjzj
∂
∂zj
.
Note that r(X ; z′, z¯′) is equal to rUα(z, z
′, w). Multiplying both sides of (44) by
(1− |w|2)2+α·1(−rUα)m+n+1(z, z′, w), (42) becomes
pi−1(−r)n+m+1(X ; z′, z¯′)(cαI +D)LΩ(X ; z
′, z¯′). (45)
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We set I1 + I2 equals (45) where
I1 = pi
−1(−r)n+m+1(X ; z′, z¯′)cαLΩ(X ; z
′, z¯′),
I2 = pi
−1(−r)n+m+1(X ; z′, z¯′)D
(
LΩ(X ; z
′, z¯′)
)
.
Applying (43) to I1, we have
piI1(X ; z
′, z¯′) = cα
(
Ψ+ (−r)n+m+1Φ log(−r)
)
. (46)
Applying the product rule to I2, we have
piI2(X ; z
′, z¯′) =D
(
(−r)n+m+1LΩ
)
− LΩD(−r)
n+m+1.
We set J1 = D
(
(−r)n+m+1LΩ
)
and J2 = LΩD(−r)n+m+1, then piI2 = J1 − J2.
Substituting (43) to J1 and J2 yields
J1(X ; z
′, z¯′) =DΨ+ (−r)n+m+1 log(−r)Dt
+
(
1 + (n+m+ 1) log(−r)
)
(−r)n+mD(−r). (47)
and
J2(X ; z
′, z¯′) = (n+m+ 1)
(
(−r)n+m+1LΩ
)D(−r)
−r
= (n+m+ 1)
(
Ψ+Φ(−r)n+m+1 log(−r)
)D(−r)
−r
. (48)
Let p = (z0, z
′
0, w0) be a boundary point U
α. When |w0| 6= 1, we let X0 denote the
corresponding vector X at point p.
Case 1). For (z0, z
′
0, w0) ∈ S2, we have ∇zrUα(p) = 0, (X0, z
′
0) ∈ ∂Ω, and |w0| 6= 1.
Then a nonzero limit of (42) exists is equivalent to a nonzero limit of (40) exists.
Since |w0| 6= 1, X is smooth near p. Thus r(X ; z′, z¯′) is smooth in a neighborhood
of p and has limit r(X0; z
′
0, z¯
′
0) = 0. Since (−r) log(−r) also has limit equals zero
at point p, the limit of I1 and J1 exist. To achieve the limit existence of J2 at p,
we need an admissible approach region in which the limit of D(−r)−r equals zero. Let
rj(X ; z
′, z¯′) be the partial derivative of r in the jth component. For 0 < q < 1, we
consider the following approach region
W2 =
{
(z, z′, w) ∈ Uα :
n∑
j=1
(
|zj |
2rj(X ; z
′, z¯′)
)q
< −r(X ; z′, z¯′)
}
.
We show W2 is not empty. Since ∇zrUα(p) = 0, we have
∂
∂zj
r(X ; z′, z¯′) =
z¯j
(1− |w|2)αj
rj(X ; z
′, z¯′) = 0,
for all j at p. Thus
∑n
j=1
(
|zj|
2rj(X ; z
′, z¯′)
)q
= 0 when approaching p along the
normal direction of bUα. This observation implies that W2 is not empty and p ∈
bW2. By perhaps shrink W2, we may consider W2 as a connected set. Note that
∣∣∣D(−r)(X ; z′, z¯′)
−r(X ; z′, z¯′)
∣∣∣ = −
∑n
j=1 αj
|zj|
2
(1−|w|2)α rj(X ; z
′, z¯′)
−r(X ; z′, z¯′)
<
c
∑n
j=1 |zj |
2rj(X ; z
′, z¯′)
−r(X ; z′, z¯′)
(49)
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for some constant c > 0. In W2,∑n
j=1
(
|zj|rj(X ; z′, z¯′)
)q
−r(X ; z′, z¯′)
< 1.
When approaching boundary point p inside W2, we have∑n
j=1 |zj |
2rj(X ; z
′, z¯′)
−r(X ; z′, z¯′)
≤
∑n
k=1
(
|zj |2rj(X ; z′, z¯′)
)1−q∑n
j=1
(
|zj |2rj(X ; z′, z¯′)
)q
−r(X ; z′, z¯′)
<
n∑
k=1
(
|zj |
2rj(X ; z
′, z¯′)
)1−q
→ 0. (50)
Hence J1 and J2 in (47) and (48) have admissible limit zero at point p. By the
strong pseudoconvexity of Ω, (46) has nonzero limit. Therefore in W2, the limit of
(40) at point p exists and is not equal to zero.
Case 2). For (z0, z
′
0, w0) ∈ S3, we have z0 = 0, (0, z
′
0) /∈ ∂Ω, and |w0| = 1. We
consider the region
W3 =
{
(z, z′, w) ∈ Uα :
|zj |2
(1− |w|2)pj
< 1, ∀ 1 ≤ j ≤ n
}
where pj > αj for all j. Similar reasoning as above implies that W3 is nonempty
and connected. When we approaching the bounadary point p in W3,
|zj |2
(1 − |w|2)αj
=
|zj |2(1− |w|2)pj−αj
(1− |w|2)pj
< (1− |w|2)pj−αj → 0.
Thus X , DΨ(X ; z′, z¯′), DΦ(X ; z′, z¯′) and D(−r(X ; z′, z¯′)) all tends to zero at p.
Since (0, z′0) /∈ ∂Ω, the function −r(X, z
′, z¯′) has a positive limit at point p. Plug-
ging these results into (47) and (48), we have both J1 and J2 tend to zero. The
limit of (46) is positive since I1 = cαLΩ and LΩ is positive at (0, z
′
0, z¯
′
0). Therefore
when approaching p in W3, (42) and rUα has a nonzero limit. Hence the limit of
(41) is also not zero.
Case 3). When (z0, z
′
0, w0) ∈ S4, we have z0 = 0, (0, z
′
0) ∈ ∂Ω, and |w0| = 1.
Consider the approach region W4 =W2
⋂
W3. Since both W2 and W3 contains the
set Z{z1, . . . , zn}
⋂
Uα and p ∈ Z{z1, . . . , zn}
⋂
Uα, we can approach p inside W4.
By our previous results, when we tend to p in W4, X , DΨ(X ; z
′, z¯′), DΦ(X ; z′, z¯′),
D(−r(X ; z′, z¯′)), r(X, z′, z¯′), r(X, z′, z¯′) log(−r(X, z′, z¯′)) and D(−r(X;z
′,z¯′))
−r(X;z′,z¯′) all tends
to zero. Hence the limit of J1 and J2 equals zero and the limit of I1 is equal to a
nonzero constant, and (42) has a nonzero admissible limit in W4.
Case 4). For the boundary points in S1, the strong pseudoconvexity can be ob-
tained by calculating the Levi form. 
Compared to Uα, the boundary behavior of the kernel funcion V γ is simpler.
The argument is similar to the proof of Theorem 3. We state the result without
proof.
Theorem 4. Let Ω and V γ be as above. Suppose Ω is bounded and strongly pseu-
doconvex. Then V γ is pseudoconvex. The point p = (z0, z
′
0, w0) ∈ bV
γ is a weakly
pseudoconvex point if ∇z(rV γ )(p) = 0. Moreover, for weakly pseudoconvex point p,
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we can find an admissible approach region W , such that when approaching p inside
W :
KV γ (z, z
′, w)(−rV γ )
n+m+1(z, z′, w)
tends to a nonzero constant.
Remark. In both Theorems 3 and 4 above, we assumed the existence of z′ com-
ponents. Because of our assumption, The points in S2, S3 of Theorem 3 and the
weakly pseudoconvex boundary points in bV γ of Theorem 4 are of infinite type in
the sense of D’Angelo. If there is no z′, i.e. m = 0 in the definition of Ω, then the
boundary geometry of the target domains is different. In this case, V γ becomes a
strongly pseudoconvex domain. The boundary geometry of Uα, on the other hand,
depends on the value of α. One can see this immediately from Example 4.1.
7. Higher Dimensional Analogues
In Theorems 1 and 2, we apply a first order differential operator to the Bergman
kernel function on the “base” domain to obtain the kernel function on certain
domains in one higher dimension. By Lemma 3.1, the “target” domains Uα and
V γ are also (n+ 1)-star-shaped Hartogs. Therefore we can repeat using Theorems
1 and 2 to obtain the Bergman kernel on more complicated domains.
Example 7.1 (Repeated use of Theorems 1 and 2). The diagram below indicates
how to obtain the kernel function explicitly on increasingly complicated domains.
{z ∈ C : |z|2 < 1}
⇓
{z ∈ C2 : |z1|
2p + |z2|
2 < 1}
⇓
{z ∈ C3 : |z1|
2p + exp{|z3|
2}|z2|
2 < 1}
⇓{
z ∈ C4 : |z1|
2p1 + exp{
|z3|2
(1− |z4|)p2
}|z2|
2 < 1, |z4| < 1
}
⇓{
z ∈ C5 :
|z1|
2p1
(1− |z5|2)p3
+ exp{
|z3|
2
(1− |z4|)p2
}|z2|
2 < 1, |z4| < 1, |z5| < 1
}
⇓{
z ∈ C6 :
|z1|2p1
(1 − e|z6|2 |z5|2)p3
+ exp{
|z3|2
(1 − |z4|)p2
}|z2|
2 < 1, |z4| < 1, e
|z6|
2
|z5|
2 < 1
}
⇓
...
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The Bergman kernels in the first two cases are known. The kernel in the third case
is equal to
ez3ζ¯3
pi3p
(
(1 + p)(1− ez3ζ¯3z2ζ¯2)
1
p + (1− p)z1ζ¯1
(1− ez3ζ¯3z2ζ¯2)
2− 1
p ((1 − ez3ζ¯3z2ζ¯2)
1
p − z1ζ¯1)3
+
(p− 1)ez3ζ¯3z2ζ¯2
(
(2 + 1p )(1 − e
z3ζ¯3z2ζ¯2)
1
p + (2− 1p )z1ζ¯1
)
(1− ez3ζ¯3z2ζ¯2)
3− 1
p ((1− ez3ζ¯3z2ζ¯2)
1
p − z1ζ¯1)3
+
2ez3ζ¯3z2ζ¯2
(
(2 + 1p )(1− e
z3ζ¯3z2ζ¯2)
1
p + (2− 2p )z1ζ¯1
)
(1− ez3ζ¯3z2ζ¯2)
3− 2
p ((1− ez3ζ¯3z2ζ¯2)
1
p − z1ζ¯1)4
)
.
For the domains below the third case, the kernel functions are more complicated
and we will omit them here.
We can generalize Theorems 1 and 2 when our “target” domains involves w ∈ Ck
instead of a single variable. Let Ω ⊆ Cn+m be n-star-shaped Hartogs in the first n
variables. Consider the “target” domains:
• Uα = {(z, z′, w) ∈ Cn+m × Ck : (fα(z, w), z′) ∈ Ω, ‖w‖2 < 1}
where
fα(z, w) =
( z1
(1− ‖w‖2)
α1
2
, . . . ,
zn
(1− ‖w‖2)
αn
2
)
and αj ’s are positive numbers.
• V γ = {(z, z′, w) ∈ Cn+m × Ck : (gγ(z, w), z
′) ∈ Ω}
where
gγ(z, w) =
(
e
γ1‖w‖
2
2 z1, . . . , e
γn‖w‖
2
2 zn
)
and γj ’s are positive numbers.
Since we can construct a diagram from Ω to V γ in Example 7.1, the kernel function
KV γ can be obtained directly by repeatly applying Theorem 2:
Theorem 5. For (z, z′, w; ζ, ζ′, η) ∈ V γ × V γ ,
KV γ (z, z
′, w; ζ¯ , ζ¯′, η¯) = DV γKV γη (l(z, w, η), z
′; ζ¯, ζ¯′) (51)
where
l(z, w, η) =
(
z1e
γ1(〈w,η〉−‖η‖
2), . . . , zne
γn(〈wη〉−‖η‖
2)
)
and DV γ is the k-th order differential operator defined by
DV γ =
e(γ·1)(〈w,η〉−‖η‖
2)
pik
( n∑
j=1
γj(I + zj
∂
∂zj
)
)k
.
The trick used in Example 7.1 does not work for Uα. Nevertheless, we have the
following result:
Theorem 6. For (z, z′, w; ζ, ζ′, η) ∈ Uα × Uα,
KUα(z, z
′, w; ζ¯ , ζ¯′, η¯) = DUαKUαη (h(z, w, η), z
′; ζ¯, ζ¯′) (52)
where
h(z, w, η) =
(
z1(
1− ‖η‖2
1− 〈w, η〉
)α1 , . . . , zn(
1− ‖η‖2
1− 〈w, η〉
)αn
)
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and DUα is the k-th order differential operator defined by
DUα =
(1− ‖η‖2)α·1
pik(1 − 〈w, η〉)k+1+α·1
k∏
j=1
(
jI +
n∑
l=1
αl(I + zl
∂
∂zl
)
)
.
Proof. Let K1(z, z
′, w; ζ¯ , ζ¯′, η¯) denote the right-hand side of (52). By the same
argument in the proof of Theorem 1, K1(z, z
′, w; ζ¯ , ζ¯′, η¯) is defined on Uα×Uα and
has the expansion: ∑
a,b,c
ca,b,c(zζ¯)
aφa,b(z
′)φa,b(ζ′)(wη¯)
c.
For arbitrary zaφa,b(z
′)wc ∈ A2(Uα),∫
Uα
K1(z, z
′, w; ζ¯ , ζ¯′, η¯)ζaφa,b(ζ
′)ηcdV
=
∫
Bk
ηc
∫
Uαη
DUαKUαη
(
h(z, w, η), z′; ζ¯; ζ¯′
)
ζaφa,b(ζ
′)dV (ζ, ζ′)dV (η). (53)
Using the reproducing property of KUαη on U
α
η , we have∫
Uαη
DUαKUαη (h(z, w, η), z
′; ζ¯; ζ¯′)ζaφa,b(ζ
′)dV (ζ, ζ′)
=
( k∏
j=1
(
j + α · (a + 1)
)) (1− ‖η‖2)α·1
pi(1 − 〈w, η〉)2+α·1
h(z, w, η)aφa,b(z
′). (54)
Therefore the integral in the last line of (53) becomes
( k∏
j=1
(
j + α · (a+ 1)
))
φa,b(z
′)
∫
B1
(1− ‖η‖2)α·1ηch(z, w, η)a
pik(1− 〈w, η〉)1+k+α·1
dV (η). (55)
Since h(z, w, η) =
(
z1(
1−‖η‖2
1−〈w,η〉)
α1 , . . . , zn(
1−‖η‖2
1−〈w,η〉)
αn
)
, (55) equals
∏k
j=1
(
j + α · (a + 1)
)
zaφa,b(z
′)
pik
∫
Bk
(1− ‖η‖2)α·(a+1)ηc
(1 − 〈w, η〉)1+k+α·(a+1)
dV (η). (56)
Expanding the denominator in (56), we have
(56) =zaφa,b(z
′)
∫
Bk
∑
p
(
1 + α · (a+ 1)
)
(j·1)+k
(1− ‖η‖2)α·(a+1)(wη¯)p
pik
∏k
p=1(pj)!
ηcdV
=zaφa,b(z
′)wc
∫
Bk
(
1 + α · (a+ 1)
)
(c·1)+k
(1 − ‖η‖2)α·(a+1)ηcη¯c
pik
∏k
j=1(cj)!
dV. (57)
By letting rj = |ηj |2, we have∫
Bk
(1− ‖η‖2)α·(a+1)|η|2cdV = pik
∫
Bk
+
(1−
k∑
j=1
rj)
α·(a+1)rcdV, (58)
where Bk+ = {(r1, . . . , rk) ∈ R
k
+ :
∑k
j=1 rj < 1}. We claim
pik
∫
Bk
+
(1−
k∑
j=1
rj)
α·(a+1)rcdV =
pik
∏k
j=1(cj)!(
1 + α · (a+ 1)
)
(c·1)+k
. (59)
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Assuming the claim, then (56) equals zaφa,b(z
′)wc which completes the proof.
To prove (59), we do induction on k. When k = 1, we have∫ 1
0
(1− r)α·(a+1)rcdV =
Γ
(
1 + α · (a+ 1)
)
Γ(c+ 1)
Γ
(
2 + c+ α · (a+ 1)
) ,
and (59) holds. Suppose (59) holds when k < N . For k = N ,
∫
BN
+
(1−
N∑
j=1
rj)
α·(a+1)rcdV
=
∫ 1
0
rN
cN
∫
WrN
(1−
N∑
j=1
rj)
α·(a+1)
N−1∏
j=1
r
cj
j dr1 . . . drN−1drN , (60)
where WrN = {(r1, . . . , rN−1) ∈ R
N−1
+ :
∑N−1
j=1 rj < 1 − rN}. By substituting
tj =
rj
1−rN
for 1 ≤ j ≤ N − 1 to the integral in the second line of (60), we obtain
( ∫ 1
0
rN
cN (1− rN )
α·(a+1)+
∑N−1
j=1 (cj+1)drN
)
×
(∫
B
N−1
+
(1−
N−1∑
j=1
tj)
α·(a+1)
N−1∏
j=1
t
cj
j dt1 . . . dtN−1
)
. (61)
Using the definition of the beta function and the induction hypothesis yields
(61) =
Γ(cN + 1)Γ
(
α · (a + 1) +
∑N−1
j=1 (cj + 1) + 1
)
Γ
(
α · (a+ 1) +
∑N
j=1(cj + 1) + 1
)
×
∏N−1
j=1 (cj)!(
1 + α · (a+ 1)
)
∑N−1
j=1 (cj+1)
=
∏N
j=1(cj)!
(α ·
(
a+ 1) +
∑N−1
j=1 cj +N
)
cN+1
(
1 + α · (a+ 1)
)
∑N−1
j=1 (cj+1)
=
∏N
j=1(cj)!(
1 + α · (a+ 1)
)
c·1+N
.
Therefore (59) holds for all k. 
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